Abstract
Introduction
Widespread nowadays in commercial CAGD packages is the B-spline representation for curves, and correspondingly the tensor product B-spline representation for surfaces. Other tensor product representations, for example ¾ rational cubic splines [5] , are available. These are all, however, essentially restricted to rectangular domains, and therefore are not well suited for designing surfaces with an arbitrary number of edges. Farins Bézier triangles [2] are a worthwile alternative to represent piecewise polynomials on polygonal domains, but imposing smoothness conditions between the patches requires a great number of nontrivial relations between the coefficients to be satisfied. Another approach is a B-spline representation for Powell-Sabin (PS)-splines by Shi et al. [8] , but their construction method has some serious drawbacks from the numerical point of view.
Dierckx [1] presented a normalized B-spline basis for PS-splines, which guarantees global ½ smoothness for any choice of the coefficients, and resolves the numerical problems mentioned before. The subdivision schemes presented here are based on this representation and its geometrical interpretation. We consider the particular case of PS-splines on uniform triangulations which has the advantage that a fixed form for the PS-triangles can be used [6] . Subdivision gives the user local control when making changes to a surface, and it is a common technique for the graphical display of a surface. Another application is the design of wavelets using the lifting scheme. The subdivision rules are then used as a prediction step [7] .
Uniform Powell-Sabin Splines
Consider a uniform triangulation ¡ of a connected subset ª Ê ¾ with polygonal boundary AEª. This triangulation consists of a number of equilateral triangles ½ Ø having vertices Î ½ Ò with Cartesian coordinates´Ü Ý µ. Let ¡ £ be a Powell-Sabin refinement [4] of ¡, which divides each macro triangle into six smaller triangles. This refinement can easily be found by drawing, for each triangle , the bisector of its vertices (Figure 1(a) ). Each of the Ø triangles resulting from the PS-refinement now becomes the domain triangle of a quadratic Bézier polynomial. 
Thus given the function values and derivative values at each point Î , the Bézier ordinates on the domain subtriangles are uniquely defined.
The PS-points of a vertex Î are those Bézier domain ordinates closest to Î on each edge of the PS-refinement ¡ £ having Î as a vertex. Î itself is also a PS-point. The PS-triangle of the vertex Î is a triangle containing all the PS-points of Î . An example of PS-points and PS-triangles is given in Figure 1 (c).
Dierckx [1] showed that each piecewise polynomial as Ì ´ ½ ¾ ¿ µ ½ Ò , are tangent to the surface at Ë´Î µ. These control triangles have the PStriangles as their domain. We thus have a representation that shares the properties mentioned in the introduction of tensor product splines, but that is not restricted to rectangular domains. The advantage of using the split triangles in the PS-refinement as the domain for Bézier polynomials is that we have global ½ continuity regardless of the choice of : the continuity conditions between the Bézier triangles are automaticly satisfied. Dierckx also provides an algorithm to calculate the Bernstein-Bézier representation of the surface in an efficient and numerically stable way.
Subdivision
The goal of subdivision is essentially to calculate the B-spline representation (4) of a PS-spline surface on a refinement ¡ ¼ of the given ¡. We consider two schemes: the dyadic scheme and the Ô ¿-scheme.
For uniform PS-splines a fixed form for the PS-triangles can be used instead of determining the PS-triangle locally for each vertex. In a uniform triangulation only a limited number of molecule configurations appear. For each possible configuration an optimal shape of the PS-triangle can be calculated. It also turns out that for all molecule numbers the solution for a molecule with molecule number six can be used. The fixed form is the one shown in Figure 1(c) .
Dyadic subdivision
A first possibility for the refinement ¡ ¼ is dyadic subdivision. A new vertex is inserted on every edge in the middle of two old vertices. New edges are added between the new vertices and the old triangles are now each replaced by four smaller triangles. This is shown in Figure 2 (a).
Windmolders et al. [6] prove that the Bézier ordinates of a surface can be determined as simple convex barycentric combinations of the control points and that the control points after refinement can be written as simple barycentric convex combinations of the ones before refinement.
The new control triangles along an edge Î Î ¾ ¡ are calculated as illustrated in Figure 2(b) , for the bottom edge of a triangle ´Î Î Î µ ¾ ¡:
Rescaling the original control triangles is accomplished by
for the control triangle at Î . A straightforward generalization of the dyadic split is the Ò-adic split where every edge is subdivided into Ò segments and consequently every original face is split into Ò ¾ subtriangles.
Ô ¿-subdivision
Recently we also developed a Ô ¿-scheme for the refinement ¡ ¼ . This kind of scheme was first introduced by Kobbelt [3] . We split every triangle in three new subtriangles by inserting a new vertex at the center of the old triangle. This introduces three new edges connecting the new vertex to the surrounding old vertices. We then rotate every original edge that connects two old vertices to connect the newly introduced vertices. The number of triangles increases in each step by a factor of ¿ instead of . Applying the Ô ¿-subdivision operator twice causes a uniform refinement with tri-section of every original edge and splitting of each original triangle into nine subtriangles: a tri-adic split. Hence one single refinement step can be considered as the square root of the tri-adic split. This is shown in Figure 3 . 
for the control triangle at Î .
By means of Bézier subdivision we find the value of the Bézier ordinates in the control triangle of the new vertices in terms of the Bézier ordinates in the control triangles of the old vertices. As already mentioned, due to the fixed form of the PS-triangle, the Bézier ordinates can easily be written in terms of the control points and vice versa. This leads to the following formula for the control points according to a new vertex as shown in Figure 4 (a):
For the case in which the old triangle in which we place the new vertex is oriented in the other direction ( Figure  4(b) ), we find analogously
Discussion
The new basis functions corresponding to the control points after subdivision have smaller support and thus give the designer more local control when manipulating surfaces. Adjusting one control point only influences a small neighbourhood of the involved vertex. Furthermore, since the linear interpolant of the barycenters of the control triangles converges to the surface itself, subdivision is a technique for displaying surfaces graphically.
The subdivision rules (5), (6) , (7), (8) and (9) are also valid for uniform triangulations in which the triangles are not equilateral, but only all equal. The reasoning to come to the subdivision rules remains valid.
The Ô ¿-subdivision needs, in contrast to the dyadic scheme, special care at the boundaries. When rotating the old edges to connect the new vertices, we can only rotate the interior edges. Edge rotating at the boundaries is not possible since the opposite triangle is missing. As already mentioned, the application of a second Ô ¿-step has the overall effect of a tri-adic split where each original triangle is replaced by nine new ones. In order to have this 1-to-9 split also for the boundary triangles we leave each boundary edge unchanged in the first step and add two new vertices on each boundary edge in the second step.
The Ô ¿-subdivision is in some sense slower then the dyadic refinement since the number of triangles increases by a factor of 3 instead of 4. This means we have a finer gradation of the hierarchy levels. If a prescribed target complexity must not be exceeded, we can have more levels of resolution.
A common technique to control the complexity of a refined surface is adaptive refinement. New vertices are inserted only in those regions of the surface where more detail is expected. Flat regions of the surface are well approximated by a few basis functions with large support. The Ô ¿-scheme is better suited for an adaptive refinement strategy without difficulties to join the triangles from different refinement levels in a consistent manner.
The subdivision rules given here are derived for uniform triangulations. In the case of non uniform triangulations the control points of the new vertices do not always coincide
